We present numerical simulations of the flow confined in a wide gap Taylor-Couette system, with a rotating inner cylinder and variable length-to-gap aspect ratio. A complex experimental bifurcation scenario differing from the classical Ruelle-Takens route to chaos has been experimentally reported in this geometry. The wavy vortex flow becomes quasiperiodic due to an axisymmetric very low frequency mode. This mode plays a key role in the dynamics of the system, leading to the occurrence of chaos via a period-doubling scenario. Further increasing the rotation of the inner cylinder results in the appearance of a new flow pattern which is characterized by large amplitude oscillations localized in some of the vortex pairs. The purpose of this paper is to study numerically the dynamics of these axially localized states, paying special attention to the transition to chaos. Frequency analysis from time series simultaneously recorded at several points has been applied in order to identify the flow transitions taking place. It has been found that the very low frequency mode is essential to explain the behavior associated with the different transitions towards chaos including localized states.
I. INTRODUCTION
The formation of spatially localized patterns within a homogeneous background state is a regular feature in a wide variety of pattern forming systems (see [1] and references therein). In fluid dynamics localized states are particularly relevant in linearly stable flows, where the transition to turbulence occurs subcritically when the amplitude of the perturbation exceeds a certain parameter-dependent threshold. Flow patterns in which turbulent patches coexist with laminar flow emerge near the onset of transition and are believed to play a crucial role in organizing the complex dynamics of such a transition. Examples of these localized states are found in canonical wall-bounded shear flows such as pipe flow [2] [3] [4] [5] or plane Couette flow [6] [7] [8] [9] .
Spatially localized structures have also been observed in Taylor-Couette flow in both subcritical and supercritical scenarios. Nevertheless, in contrast to the above-mentioned canonical flows, localization does not necessarily involve coexistence of laminar and turbulent flow, but sometimes manifests itself in the appearance of spatially confined regions in which some feature of the global background state is locally modified. An example of this phenomenon was reported by Heisse et al. [10] , who using a combined experimental and numerical approach found the existence of spiral vortices with strongly localized amplitude near the end plates in the case of centrifugally stable counter-rotating cylinders. Also in this regime of Taylor-Couette flow, Abshagen et al. [11] showed the emergence of steady and axisymmetric vortices localized near the inner cylinder. These vortices appear smoothly in the basic state, resulting in multiplicity of localized states which differ among themselves in the total number of vortices. The presence of a large-scale circulation due to the existence of the end walls seems to play a key role in the formation of these vortices. They could be related to a homoclinic snaking * jose.lopez@fau.de † francisco.marques@upc.edu branch. More recently, axially localized states have been experimentally reported in the centrifugally unstable regime, in the case of a rotating inner cylinder and stationary outer cylinder [12] . These pre-turbulent states occur for sufficiently large values of the inner cylinder Reynolds number Re, in systems in which the ratio between the length-to-gap aspect ratio and the number of vortices N is restricted to the range 0.85 /N 0.95. They are characterized by the existence of large amplitude oscillations localized in some of the outgoing jets of the bulk vortices. In all of these studies, despite the differences between the resulting states or the regime of Taylor-Couette flow considered, the phenomenon of localization results from the finite nature of the experimental facilities, because of the interaction between the bulk flow and the Ekman vortices generated at the end plates. The competition between states with a different number of vortices (Eckhaus instability), modulated by the presence of end walls, also plays a role in the localization. Thus, simulations in axially periodic systems cannot capture this dynamics. In [11] the background state over which localization takes place is a boundary-driven large-scale circulation, which is a major difference with the laminar states in other linearly stable flows, whereas in [10] and [12] , localization occurs over a global state, in which the oscillation amplitude of some vortices differ from that in the background state. In the former, this global background state consists of spirals propagating from mid-height towards the ends and vice versa, and in the latter, it is the bifurcated state (wavy vortex flow) resulting after the Taylor-vortex flow (TVF) becomes unstable. This bifurcated state was termed the "small jet" (SJ) state [13, 14] .
The bifurcation scenario exhibited by the fluid in the experimental setup utilized in [12] (wide gap r i /r 0 = 0.5 and moderate-large ) shows some very interesting dynamical features. A variety of states and transitions between them have been experimentally reported in [12, 14, 15] . These occur for all TVF in the /N range mentioned before, as long as the number of vortices is N 8. A complex transition to chaos takes place, differing from the classical Ruelle-Takens scenario often associated with Taylor-Couette flows [16] . When Re is increased above a certain Re VLF from the small jet SJ state, the flow becomes quasiperiodic due to the emergence of a very low frequency mode. However, in contrast to other modulated wavy flows (MWVF) [17, 18] , this mode is axisymmetric (n = 0). Further examples of a nonlinearly driven axisymmetric mode have been reported in other regimes of Taylor-Couette flows [19, 20] . The very low frequency mode (VLF), as was termed in [14] , plays an essential role in the dynamics of the flow, leading to the occurrence of chaos through a period-doubling route of two tori [15] . This chaotic regime vanishes with further increase in Re, giving way to the flow regime characterized by the existence of global states with axially localized large amplitude oscillations [12] . In this regime, localization may result in a large multiplicity of states which coexist in a wide range of the parameter space ( ,Re).
An idealized finite Taylor-Couette system is invariant under rotations around the axis, and reflection about the equatorial plane. However, these symmetries are only approximately fulfilled in any real system, where the presence of noise, imperfections, and/or other phenomena results in symmetry breaking. Therefore, when complex dynamical behavior is observed in such systems, one may wonder whether this is an intrinsic feature of the system or, conversely, if it is driven by external sources such as noise or imperfections. There are several examples in fluid problems where imperfections and/or noise alter the dynamics of idealized systems, leading to additional bifurcations [21] [22] [23] [24] [25] . There also exist situations in which the presence of noise may entirely change the dynamics. An example is when a succession of rapid bifurcations occurs in a narrow parameter range. Here, the existence of noise usually induces a chaotic drift between the different states, resulting in a sudden transition to chaos [26, 27] . Another example is found in systems that are particularly sensitive to perturbations. These excite the unstable states, giving rise to long transients that eventually decay unless they are sustained by ongoing noise [28, 29] .
The aim of this paper is to extend the available information on the axially localized state regime (ALS) and very low frequency mode (VLF) by means of a detailed numerical study of the parameter space in which these states occur. In numerical simulations we can enforce the symmetries of the system and reduce the noise to machine accuracy, so that the intrinsic or extrinsic nature of the observed states and dynamics can be elucidated. Due to the multiplicity of states, the dynamics is very complex and numerous sequences of previously unreported transitions have been found when the control parameters Re and are varied. The VLF occurs in a wide range of the parameter space and its interaction with the localized states ALS appears to be crucial in most transitions, either between different ALS or to chaos. The rest of this paper is structured as follows. The governing equations and numerical method used to solve them are discussed in Sec. II. In Sec. III we briefly describe the sequence of states preceding the ALS regime, paying especial attention to the VLF and the transition to ALS. The family of ALS found in this particular case is shown in Sec. IV A. Its main features are enumerated and compared with the experimental results. In Sec. IV B, the sequences of states exhibited by the fluid in the transition to chaos when Re and are varied are illustrated. Finally, the main remarks are collected in Sec. V.
II. GOVERNING EQUATIONS AND NUMERICAL METHOD

A. Description of the system
We consider an incompressible fluid of kinematic viscosity ν confined between two concentric cylinders of length h and inner and outer radii r i and r o . The inner cylinder rotates at constant angular speed , whereas the top and bottom end walls and outer cylinder remain at rest. The system is nondimensionalized using the gap width, d = r o − r i , as the length scale and the viscous time d 2 /ν as the time scale. The radius ratio is r i /r o = 0.5. The inner cylinder Reynolds number Re and the aspect ratio are the control parameters of the system. The flow is governed by the incompressible Navier-Stokes equations,
where v = (u,v,w) denotes the nondimensional velocity field in cylindrical coordinates (r,θ,z). The no-slip boundary conditions are
v(r,θ, ± /2,t) = (0,0,0). 
K z v(r,θ,z,t) = (u,v,−w)(r,θ,−z,t).
Together, they generate the symmetry group G = SO(2) × Z 2 of the system.
B. Numerical formulation and methodology
The governing equations (1) have been solved using a second-order time-splitting method [30] . The spatial discretization is via a Galerkin-Fourier expansion in θ and Chebyshev collocation in x = 2r − r i − r o and y = 2z/ , of the form,
where F represents the three velocity components and pressure. For each Fourier mode in (5), the corresponding Helmholtz and Poisson equations are solved efficiently by using a complete diagonalization of the operators in both the radial and axial directions. In order to decouple the Helmholtz equations for u and v, we have used the combinations u + = u + iv and u − = u − iv [31] .
The idealized boundary conditions (2) are discontinuous at the junction where the stationary end walls meet the rotating cylinder, (r = r i ,z = ± /2). In a physical experiment there are small but finite gaps at these junctions where the azimuthal velocity adjusts rapidly to zero. For an accurate use of spectral techniques, a regularization of these discontinuities is implemented of the form,
where is a small parameter that mimics the small physical gap (we have used = 0.01). The use of = 0 regularizes the otherwise discontinuous boundary conditions; see [32] for further details on the use of this technique in spectral codes. A MPI parallelization of the code has been accomplished by distributing the total number of azimuthal nodes nn = 2M among the number of processors used in each simulation. Consequently, the maximum number of parallel tasks to be performed must be nn. This arrangement is possible because the system of equations resulting from the discretization is independent for each Fourier mode. Further details about the parallelization strategy can be found in Ref. [33] .
The spectral solver used here has been extensively tested in enclosed annular domains [34, 35] and it is based on a previous scheme used in a wide variety of flows in enclosed cylinders [36] [37] [38] [39] [40] . We have checked the spectral convergence of the code using the infinity norm of the spectral coefficients of the computed solutions, defined as ||a l || ∞ = max n,m |a l,n,m | for the radial direction, and analogously for the axial and azimuthal directions. Figure 1 shows ||a j || ∞ , with j = l,n,m, of the axial velocity w for a weakly chaotic state taking place at Re = 1300 and = 9. This solution has been computed with L = 36 and N = 448 Chebyshev points in r and z, and M = 16 Fourier modes in θ , ensuring that the trailing coefficients of the spectral expansion (5) are at least four orders of magnitude smaller than the leading coefficients. Time steps as small as δt = 5 × 10 −6 have been required for numerical stability and accuracy of the second-order temporal scheme.
Time series of the axial velocity at three different points, w 1 (r = 1.2,θ = 0,z = /4), w 2 (r = 1.2,θ = 0,z = − /4), and w 3 (r = 1.2,θ = 0,z = 0), are simultaneously recorded. A subsequent spectral analysis of these data via fast Fourier transform, together with phase portraits and Poincare sections are used as tools to identify the different transitions that take place as the control parameters are varied (see [41] for a description of these methods).
III. FLOW PATTERNS AND TRANSITIONS TOWARDS THE ALS REGIME
A. TVF
There exist a variety of steady TVF, differing in the number of vortices N present in the fluid domain, which coexist for the same values of and Re. They are very sensitive to the initial conditions of the system and thus depend on the path followed in parameter space. The choice of a certain TVF as the initial state determines in many cases the sequence of transitions exhibited by the fluid as Re is increased. However, the bifurcation scenario described along this paper is very robust, taking place in the same region as a normalized parameter space ( /N,Re), provided that N 8 (see Fig. 2 in [15] and Figs. 5 and 7 in [12] ). In this study we focus on a TVF with N = 10 vortices, which allows us to find a significant number of axially localized states in moderate aspect ratio systems (8.5 < < 9.5) at an affordable computational cost. In addition, this complements the experimental work of [12] , in which axially localized states were reported for the cases of N = 8 and N = 12 vortices. Figure 2 illustrates the streamlines (a) and angular momentum (b) of this state. Five outgoing jets emerge from the inner cylinder due to the centrifugal instability. The two cells at the cylinder ends are larger than the others due to the Ekman layers resulting from the interaction between fluid and end walls. The kinetic energy of the fluid is concentrated in the boundary layer at the inner cylinder and in the outgoing jets, which are thinner and more intense than the return ingoing jets.
B. Small and large jet states
The axisymmetric five-jet TVF state loses stability at Re ≈ 425 via a Hopf bifurcation to a rotating wave with azimuthal wave number m = 1. angular momentum of the resulting state at Re = 700 and = 9 on cylindrical (θ,z) (a), and meridional (r,z) (b) sections of the apparatus. The m = 1 oscillations mainly occur at the outgoing jets, while the ingoing jets remain in the same axial place for all values of θ . The exception are the two outgoing jets near the end walls which also remain stationary. A phase difference of 180 degrees between oscillations in contiguous outgoing jets can be seen from Fig. 3 (a). These features are in full agreement with experimental observations [14] as well as with the numerical work by Jones in infinite long cylinders [13] . Figure 3 (c) shows the evolution of the axial velocity w over the line r = 1.8, θ = π , z ∈ [− , ], recorded at 20 different time steps and overlapped on the same plot. The oscillations of the outgoing jets are reflected in the thicker lines located around the outgoing jets in the bulk. As a result of the oscillations the axial velocity in these jets is larger than that in the jets at the Ekman vortices. Since the outgoing jets are thinner than the ingoing ones, the terminology small-jet state SJ and small jet instability has been typically used in the literature to refer to this state. Both the SO(2) rotational symmetry and the K z reflection symmetry (z → −z) of the TVF are broken in the Hopf bifurcation to the SJ, but this state still retains a discrete spatial Z 2 symmetry, the composition of a half-turn (a rotation of π around the cylinder axis) and the K z reflection. This symmetry, which can be observed in Fig. 3(a) , is the central reflection (also called the inversion I or shift-and-reflect symmetry) with respect to the center of the cylindrical domain (r = 0 and z = 0). The spatial SO (2) rotational symmetry of the TVF becomes a spatiotemporal symmetry of the rotating wave: A rotation of angle α is equivalent to a time evolution of t = α/f p , where f p is the azimuthal drift frequency of the SJ. The value of f p varies between 44%-48% of the rotation frequency of the inner cylinder as Re is increased.
There exists another global wavy vortex flow which coexists with the SJ in a wide region of the parameter space (for Re > 700), and is characterized by the large amplitude of its oscillations. For this reason it is referred to as large jet LJ, although most authors call it just wavy vortex flow (WVF) [42, 43] . In order to compare the SJ and LJ states, Fig. 4 illustrates the LJ state at Re = 720 and = 9.25 similarly to Fig. 3 . The main oscillations happen again in the outgoing jets, showing a substantial increase in the amplitude of the oscillations with respect to that in the SJ. Nevertheless, in contrast to SJ, the outgoing jets oscillate in phase. Oscillations of the ingoing jets can be discerned in this flow pattern. The amplitude of these oscillations is much lower than that in the outgoing jets and they occur in antiphase with the oscillations of the outgoing jets. The frequency of the LJ remains around 56% of the rotation frequency of the inner cylinder. All these observations coincide with previously reported descriptions of this flow pattern [14, 42, 43] . The LJ preserves the same discrete symmetry group Z 2 as the SJ.
C. Very low frequency mode
With the increase of Re there is a small phase shift in the oscillations of contiguous vortices. This phase difference results in small wavelength disturbances which slowly propagate in the axial direction, giving rise to the appearance of an axisymmetric mode m = 0, known as a very low frequency mode (VLF). The resulting quasiperiodic state was first reported by Gerdts et al. [14] , and characterized in detail by Von Stamm et al. [15] in a subsequent experimental study. The discrete central reflection retained by the SJ and LJ is broken due to the occurrence of VLF. This is illustrated in Fig. 5 at Re = 780 and = 9. It shows contours of angular momentum on two opposite (differing by an angle of π ) meridional planes, the second plane (b) being vertically reflected (z → −z). If the central inversion symmetry were preserved, both figures should be identical, however, there are small differences, mainly around the second and fourth outgoing jets.
The dynamical behavior of the VLF is very sensitive to changes in N and . Abshagen and Pfister [44] experimentally found a transition between two types of VLF with different features at /N = 0.907. Below this value, the onset of the VLF occurs via a homoclinic bifurcation, whereas for /N > 0.907 it takes place for larger values of Re through a Hopf bifurcation, resulting in an oscillation frequency one order of magnitude larger than that in the homoclinic case. The scenarios of transition to chaos also vary among the different experimental studies. For example, in [15] , the flow undergoes a period-doubling route to chaos, whereas in [44] , a transition to chaos via spatiotemporal intermittency was found.
In the study here undertaken, the VLF emerges from a Hopf bifurcation and the flow approaches chaos via the perioddoubling bifurcation cascade which is sketched in Fig. 6 . The sequence of states that occur throughout the period-doubling route to chaos cannot be identified by visual inspection of the flow patterns, but requires the analysis of the time series recorded over a long simulation time. The different states of this sequence are shown in Fig. 7 . Figure 7 (a) illustrates the VLF state near the bifurcation (Re = 770). The frequency spectrum (first column) shows the large difference between the frequencies of the underlying rotating wave, in this case the SJ, and the frequency of VLF, f p and f VLF , respectively. An increase in the power spectral density (PSD) of the harmonics of f VLF near f p is another distinctive mark of these solutions. 6 . Schematic of the period-doubling route to chaos exhibited by the VLF as Re is increased, for = 9. The solutions at the Re indicated are described in Fig. 7 .
The phase portrait of the trajectories defined by the axial velocities w 1 and w 2 in the phase plane is displayed in the second column. It reflects the toroidal structure of the VLF state due to the actions of f p and f VLF . To facilitate the visual interpretation of the phase portraits, we have also computed the intersections of these trajectories with a carefully chosen plane, the so-called Poincare section, in which the action of f p is removed. This is depicted in the third column, showing a single closed orbit corresponding to the low frequency motion. The VLF doubles its period (P to P 2) for the first time at Re ≈ 782. The frequency spectrum in Fig. 7(b) illustrates the emergence of the new frequency f VLF 2 = f VLF /2. Since the dynamics is entirely dominated by the very low frequency mode, only the low frequency spectrum is shown in this and the subsequent states of the sequence. The period-doubling bifurcation can also be easily observed in the Poincare section, where a new periodic orbit emerges, with twice the period of the original orbit. Further increasing Re, the flow becomes weakly chaotic at Re ≈ 788, which is illustrated in Fig. 7(c) , and remains disordered up to Re ≈ 810. Here, the flow recovers the period P 2 [see Fig. 7(d) ], however, a comparison between the phase portraits in Figs. 7(b) and 7(d) reveals that the structure of the new state differs from that before the chaotic regime. A subsequent increase in Re leads to a new period doubling (P 4), f VLF 4 = f VLF 2 /2, which is illustrated in Fig. 7 (e) at Re = 820. The phase portrait resembles that in Fig. 7(d) , nevertheless, the enlargement of the phase trajectories is reflected in the fact that, for the same simulation time in both cases, the torus surface in Fig. 7 (e) has not been filled yet. The flow becomes chaotic again with further increase in Re. This flow regime is shown at Re = 840 in Fig. 7(f) . Finally, the chaotic behavior disappears at Re ≈ 855 and gives rise to the regime of axially localized states which is discussed in the next section.
IV. AXIALLY LOCALIZED STATES
A. Description
A new pre-turbulent flow regime arises for Re 855 and 8.6 < < 9.5. The resulting flow patterns are characterized by the existence of large amplitude oscillations localized on some, but not all, of the outgoing jets of the bulk vortices. Due to this particularity we refer to these flow structures as axially localized states (ALS). The main consequence of this localization is the appearance of multiple steady states, differing in the axial position of the outgoing jet (or jets) showing the large amplitude oscillations. Thus, a remarkably high number of ALS can be observed as increasing the number of vortices in the flow. The ALS were found experimentally by Abshagen et al. [12] , who reported the existence of a wide spectrum of ALS for several N -vortex flows, many of which coexist in the parameter space, giving rise to a very complex and intriguing dynamics. In this section, apart from confirming numerically these experimental results, we focus on the transitions taking place within this region of the parameter space, which eventually lead to chaotic behavior.
The family of ALS numerically obtained for the N = 10 vortex flow is illustrated in Fig. 8 through a three-dimensional contour of angular momentum rv = −450, which reflects the axial localization of the large jet oscillations, and a plot such as that in Figs. 3(c) and 4(c) , which gives a clear idea of the difference in amplitude between the localized large jet oscillations and the oscillations in the rest of the vortices. As occurred in [12] , not all possible ALS (six in the case of a 10-vortex flow) have been found. This could mean that the remaining ALS are unstable, or simply that very specific sequences of states, which have not been detected in this study, are required to reach these states. To denote the different ALS, we have adopted the nomenclature used in [12] . Each ALS can be expressed with a binary number where the outgoing jets with large amplitude oscillations are indicated with ones, and the rest of vortices are denoted by zeros. This binary number is converted into a decimal base, starting from the Ekman vortex at the top, and placed as a subscript of ALS. For example, the binary number corresponding to the state in Fig. 8(c) is 01000 because the only pair of vortices oscillating with large amplitude is the second one starting from the bottom. It is subsequently converted to decimal base (8) and the state is referred to as ALS 8 . Depending on the location of the large jet oscillations, the ALS may or not preserve the axial reflection symmetry.
The symmetric states in Figs. 8(a) and 8(b), denoted by ALS 10 and ALS 4 , respectively, can be obtained as a direct transition from any of the states described in Sec. III. In contrast, the asymmetric states ALS 8 and ALS 2 , shown in Figs. 8(c) and 8(d), are only found when starting the simulation from other ALS. Figure 9 (a) shows the transition curves observed in experiments [12] for N = 8 (thick lines) and N = 12 (thin lines). The transition from TVF to small jet states is the cusp (dot-dashed lines) at the lower-right corner. The transition from SJ to LJ (dashed lines) takes place for moderate Reynolds number (Re 900), while for larger values (Re 900) the transition (long-dashed lines) is from SJ to localized ALS. The solid curves are the lower limit of the region of existence of the ALS. This region is hysteretical, so different ALS, and also nonlocalized states (SJ, LJ, VLF), coexist within it. The collapse of data corresponding to N = 8 and N = 12 number of vortices is remarkable, and it is more pronounced for larger values of N . We have added to this Fig. 9 (a) three one-dimensional paths, shown as straight lines with an arrow. Although we have performed a comprehensive exploration of the parameter region shown in this figure, we present in the paper detailed results of the different transitions that take place, only along these three paths. The transitions corresponding to the path for fixed = 9 and moderate Reynolds numbers (Re ∼ 800) do not involve ALS and have already been discussed in Sec. III C (Figs. 6 and 7) . The other obtaining each of them critically depends on the path followed in parameter space. The ALS 10 , indicated with diamonds in Fig. 9 , is the only one of the computed ALS where two outgoing jets oscillate with large amplitude. It is the most stable ALS for the lowest values of Re (855 Re 1050) in which the regime of ALS takes place. This is in agreement with [12] , where the states with the highest number of axially localized large jet oscillations were also found at the lowest values of Re. Also in accordance with these experimental results is the fact that all ALS with large jet oscillations localized on a single outgoing jet have been found. The symmetric ALS 4 , marked with down-triangles in Fig. 9 , is very stable in the range 1050 Re 1280, whereas the states ALS 8 and ALS 2 , indicated with left and up-triangles, respectively, are found when considering longer systems (9.1 9.4). All ALS can be found hysteretically, coexisting with the SJ and LJ in some regions of the parameter space, as is shown in Fig. 9(b) .
The formation of a certain ALS obeys to a specific stable arrangement of the wavelengths of the vortex pairs within a system of finite length. However, the phases of oscillation of the different ALS exhibit the same coherence as for the LJ state. This can be seen from Figs. 10(a) and 10(b), which show the contours of angular momentum on a cylindrical surface for the ALS 10 and ALS 4 . In both figures the outgoing jets oscillate in phase (although it is quite difficult to visually distinguish this feature between contiguous jets with large and small amplitude oscillation) and weak oscillating ingoing jets are in antiphase with the oscillations of the outgoing jets. While the ALS preserve this phase coherence they are found as rotating waves in parameter space, precessing with the same oscillation frequency, f p ≈ 55% of the rotation frequency of the inner cylinder, as the LJ state. Figures 10(c) and 10(d) show the frequency spectrum and phase portrait of the ALS 10 at Re = 920 and = 8.85, clearly illustrating its behavior as rotating wave. As in Sec. III C, the breaking of the phase coherence of the different vortex pairs leads to the emergence of the VLF, which coexists with the ALS in a wide range of control parameters, and plays a crucial role in the transitions to chaos described below.
B. Transition to chaos
As a consequence of the diversity of states coexisting in the parameter space there exist multiple routes to chaos. Each one is determined by the initial state and the path followed in parameter space, differing from the others in the number of transitions and types of ALS arising. Nevertheless, despite the complexity introduced by the coexistence of states, the dynamical behavior associated with the transitions is similar in all cases and depends essentially on the control parameter that is varied. Figure 11 is a schematic of the bifurcations found starting from the ALS 10 state at = 9.25 and Re = 920, when decreasing at constant Re [ Fig. 11(a) ], and when increasing Re at constant [ Fig. 11(b) ]. These two one-dimensional paths in (Re, ) parameter space correspond to the straight lines with arrow starting at = 9.25 and Re = 920 in Fig. 9(a) . The ALS 10 initial state of both sequences is a rotating wave with azimuthal drift frequency f p shown in Figs. 10(c) and 10(d) . Figure 12 shows the different states found in the bifurcation scenario occurring when is reduced [ Fig. 11(a) ]. The initial state ALS 10 is stable up to = 8.84, where the transition illustrated in Fig. 12(a) takes place. The frequency spectrum (PSD) suggests that the coupling between the oscillations of the different vortex pairs is broken simultaneously with the period doubling of the main frequency f p , resulting in the appearance of two frequencies f p 21 and f p 22 , with similar amplitudes and equidistant from the value f p 2 = f p /2, corresponding to the frequency of the period doubling. This period-doubling bifurcation with splitting of the corresponding frequency is indicated by P * 2 in Fig. 11 . The small difference between f p 21 and f p 22 results in a very low frequency f VLF which involves, similarly to the VLF described in Sec. III, the axial propagation of the wavelength disturbances of the different vortex pairs. Hence, f p 21 11 . Schematic of the transitions to chaos exhibited by the ALS 10 (a) as is decreased, at Re = 920, and (b) as Re is increased, at = 9.25. The solutions (a) at the indicated are described in Fig. 12 , and those in (b) at the Re indicated are described in Fig. 13 . The initial state, indicated as a solid disk, is the ALS 10 state at = 9.25 and Re = 920. two frequencies of similar amplitude arising at the same time is probably related to the existence of two vortex pairs with large jet oscillations in the ALS 10 . The new state is therefore a two-dimensional torus in the phase space. Nevertheless, the amplitude of the main frequency is much higher than that for the additional frequency, so that the phase portrait resembles a limit cycle. The intersection of the invariant torus with a Poincare section shows a closed orbit with three loops. This reflects the coupling between the mechanism responsible for the period doubling of the main frequency and the oscillation due to the very low frequency mode. Due to the small region of the phase plane in which the orbit is located, it is quite difficult to distinguish the full trajectory of the orbit in Fig. 12(a) . As far as we know this transition has not been previously reported, however, there exist a few works in the realm of the dynamical systems theory that analyze a problem resembling the transition described above. They discuss the influence of a periodic perturbation in a nonlinear system which is close to a period-doubling bifurcation [45] [46] [47] . In all of these studies, the dynamics is entirely dominated by the periodic perturbation, which suppresses the period-doubling bifurcation. This behavior is somewhat similar to that of the aforementioned bifurcation, with f VLF playing the dynamical role of the periodic perturbation.
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When is reduced from 8.84 to approximately 8.81, the amplitudes of f p 21 , f p 22 , and f VLF gradually increase. For values below 8.81, f p undergoes a second period-doubling bifurcation, which is clearly illustrated in Fig. 12(b) . In this case, unlike the first period doubling, there is a single frequency arising at f p 4 = f p /4, whose amplitude is substantially larger than that for f p 21 and f p 22 . This transition seems to help restore the phase coherence of the initial state. This is reflected in the fact that f p 21 and f p 22 closely approach f p 2 , so f VLF becomes approximately zero. Nevertheless, the flow is still quasiperiodic, as indicates the limit cycle displayed in the Poincare section. The phase portrait reveals the same initial spatial structure, which becomes increasingly thicker as the flow approaches chaos. When we further reduce , the flow becomes suddenly chaotic at = 8.78. This behavior is easy to identify in Fig. 12(c) . For example, the Poincare section clearly shows the loss of periodicity of the previous states, giving rise to a cloud of points in the phase space. The flow remains chaotic up to ≈ 8.5, where it bifurcates to a more stable state with N = 8 vortices. It is noticeable that all transitions happen in a very short range 8.78
8.84. This sequence of transitions to chaos as is decreased has only been found for Re 950, when using ALS 10 as the initial state. For higher Re or a different initial state, the flow approaches chaos similarly when reducing Gamma or increasing Re, as is described below. Figure 13 shows the sequence of bifurcations to chaos that occurs when Re is increased and = 9.25 [ Fig. 11(b) ]. The initial state is the same as in the transition described above, the ALS 10 at Re = 920. This state loses stability at Re = 948, resulting in a similar state to that obtained after the first transition when decreasing . The frequency spectrum in Fig. 13(a) behavior as in Fig. 12(a) . Again, it is observed that two additional frequencies, f p 21 and f p 22 , arise in the vicinity of the frequency f p 2 = f p /2, corresponding to the period doubling of the main frequency f p . These frequencies cause the appearance of a very low frequency, f VLF = f p 21 − f p 22 , which is about twice f VLF of the VLF state found in Sec. III. The phase portrait and Poincaré section in Fig. 13(a) are also qualitatively similar to those in Figs. 12(b) and 12(c) .
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A closeup has been included in the Poincaré section in order to discern the complex path followed by the periodic orbit. The amplitude of f VLF grows progressively with the increase of Re. This fact, which is reflected in Fig. 13(b) at Re = 980, might be ascribed to the increasing phase difference between the oscillations of contiguous vortices with respect to the initial state, which result in larger wavelength disturbances. Further increasing Re the ALS 10 becomes weakly chaotic, and subsequently bifurcates into another axially localized state which is more stable at higher values of Re, the ALS 4 . This transition, which takes place at Re = 1030, is illustrated in Fig. 13(c) . The existence of a new state can be seen from the phase portrait, which reveals an entirely different structure with respect to that in Figs. 13(a) and 13(b) . There also exist a low frequency f LF coexisting with the frequency of the rotating wave, which is one order of magnitude higher than f VLF in the previous state. The dynamics is still on a 2d torus surface, as is reflected by the single closed orbit shown in the Poincaré section. The amplitude of f LF decreases with the increase of Re, so the ALS 4 progressively turns into a rotating wave. This happens at Re ≈ 1130, where f LF completely disappears and the ensuing flow pattern is a pure rotating wave with frequency f p . This behavior, which is illustrated in Fig. 13(d) at Re = 1260, persists up to Re ≈ 1275. Note that the Poincaré section gives in this case a single point in phase space, and thus it has not been plotted. When Re > 1275 the coupling between neighboring vortices is again broken, resulting in a similar mechanism to that described for the first transition. Figure 13 (e) illustrates this state at Re = 1280. It is observed that, like the first transition, there arise two peaks at f p 21 and f p 22 , which are equidistant to f p /2, and their difference leads to the appearance of a low frequency f LF . Since the difference between f p 21 and f p 22 is significantly larger than in the first transition, f LF is approximately one order of magnitude higher than f VLF . Moreover, the amplitude of f p 22 near the bifurcation is much larger than that of f p 21 , in contrast to the first transition, where both frequencies emerged approximately with the same amplitude. This could be related to the existence of a single outgoing jet oscillating with large amplitude in the ALS 4 . Note that, unlike Figs. 12(a) and 13(a), the Poincaré section does not reflect a doubled loop, which is probably due to dominance of f p 22 over f p 21 . Subsequently increasing Re, f LF , and f p 21 increase progressively their amplitude and additional frequencies come into play, causing eventually the appearance of chaos. The flow becomes first weakly chaotic at Re = 1300, as is shown in Fig. 13(f) .
V. CONCLUSION
The bifurcation scenario in a wide gap (r i /r o = 0.5) TaylorCouette apparatus, where only the inner cylinder is rotating and the length-to-gap aspect ratio is restricted to the range 8.5 < < 9.5, has been numerically investigated. We focus on the dynamics of recently reported experimental flow patterns [12] which exhibit large amplitude oscillations localized in some of the outgoing jets of the bulk vortices. We refer to these states as axially localized states ALS.
We find that, for the particular case of a 10-vortex flow, four different ALS coexist in parameter space, differing in the axial position where the large amplitude oscillations take place. We have not found all possible ALS for this flow (6) , but consistently with the experiments, all ALS having a single outgoing jet oscillating with large amplitude occur. There is only one ALS with large amplitude oscillations in two outgoing jets, which is the most stable ALS at the lowest values of Re in the region of the parameter space where the ALS are located. The states that retains the axial reflection symmetry are more stable than the asymmetric states, and thus are found in larger areas of the parameter space. These results are also in full agreement with experimental observations [12] .
Each ALS is related to a specific stable coupling of the vortex pairs in a finite-length system. Varying the control parameters ( and Re) modifies the wavelengths of the different vortex pairs, generally increasing (decreasing) in those vortex pairs where the large amplitude oscillations manifest, and in return, decreasing (increasing) in the Ekman vortices. While the coupling between the vortices remains, the ALS are rotating waves with a single frequency that coincide with that for the so-called large jet state LJ [14] , in which all outgoing jets in the bulk flow oscillate with large amplitude. Nevertheless, when the coupling is broken there arise disturbances in the wavelength of the different vortex pairs that slowly spread in the axial direction, similarly to the situation described in [14] , who termed the resulting axisymmetric motion as very low frequency mode VLF. The growth of these disturbances determines the flow transitions occurring as the control parameters are varied, leading to either other ALS or the appearance of chaos.
We observed that, in all cases, the VLF seems to emerge almost simultaneously with the period doubling of the orbit associated with the frequency of the ALS f p , resulting in the splitting of f p /2 in two very close frequencies, f p 21 and f p 22 , separated ±f VLF /2 from it. After this transition, the behavior has been found to depend on the control parameter that is changed. Decreasing (when Re < 950) results in restoring the phase coherence between vortex pairs, so f VLF approaches zero and the system undergoes a second period-doubling bifurcation, which precedes the final transition to chaos. In contrast, when Re is increased, the value of f VLF as well as its amplitude gradually increase, leading to a distinct ALS or, at a sufficiently high Re, to the occurrence of chaos. This behavior is also observed as reducing for Re > 950. The behavior of the VLF mode is very sensitive to changes in the control parameters. It has been found to occur through distinct types of bifurcations, and the amplitude of f VLF substantially increases with Re [15, 44] . There also exist experimental evidences suggesting different dynamical behaviors of the VLF when the number of vortices in the flow is greater than 20 [15] . Consequently, it is likely that different transitions from those described in this paper will arise in systems with higher .
The excellent agreement between calculations and experimental results strongly suggests that the VLF and ALS states are not due to imperfections and/or noise, that are absent in our simulations, but they are intrinsic features of the Taylor-Couette system. The exact details of the dynamics described in this paper are not easily discernible in laboratory experiments. A large number of the bifurcations presented take place with variations below 1% in Re or , and they involve long transients. Hence, experimental observation of such transitions would require a very precise control of parameters over extended periods of time. There is thus a possibility that some of these transitions are sensitive to imperfections. Additional experiments and numerical simulations including weak symmetry breaking are necessary to settle this question.
The dynamics observed are a result of the interaction between flow and end walls and significantly differ from those in simulations using axially periodic boundary conditions. An example of the strong end effects in Taylor-Couette systems is found by comparing the transition between Taylor and spiral vortices when axially periodic [48] and physical no-slip boundary conditions [49] are used. It is expected that end effects will decrease with the increase of , although they will influence the dynamics even in systems with very large [34, 50] . It would be interesting to determine the value of for which some of these effects are negligible and the dynamics resemble those of an axially periodic system. Nevertheless, the computational cost of properly solving extended geometries at high values of Re with our methods is extremely large, if not impossible in many cases. The implementation of multidomain methods, such as that in [51] , could help cope with this problem.
